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Abstract

To make thekernel-basedtrackingalgorithmsmorereliable,in this work, we

mainly dealwith two major singularcasesin kernel-basedtracking,concerned

with kernelobservability andtrackingstability.

Singularkernelobservability indicatesthat themotionsof interestcannotbe

uniquelyrecoveredby thekernel.Wepresentanovel multiplecollaborativekernel

approach,in which a complex motion is representedby a setof inter-correlated

simplermotions.With this formulation,we presenta rigorousanalysison a criti-

cal issueof kernelobservability andobtainacriterion,basedonwhichwepropose

anew methodusingcollaborativekernelsthathasthetheoreticalguaranteeof en-

hancedobservability. This new methodhasbeenshown to be computationally

ef�cient in both theory and practice,which can be readily appliedto complex

motionssuchasarticulatedmotions.

Another singularcase,unstablenessin tracking, is causedby inappropriate

kernelplacement,which requiresresearchon optimalkernelplacement.Thethe-

oreticalanalysispresentedin thiswork indicatesthattheoptimalkernelplacement

canbe evaluatedbasedon a closed-formcriterion,andachieved ef�ciently by a

novel gradient-basedalgorithm. Basedon that,new methodsfor temporal-stable
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multiplekernelplacementandscale-invariantkernelplacementarealsoproposed.

Thesenew theoreticalresultsand new algorithmsgreatlyadvancethe studyof

kernel-basedtrackingin boththeoryandpractice.Extensive experimentalresults

demonstratetheimprovedtrackingreliability.
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Chapter 1

Intr oduction

Kernel-basedmethods[6, 30] haveattractedmuchattentionin computervision[8,

10, 14,15, 31] andhaverecentlyshown promisingperformancein thechallenging

problemof visual tracking[9]. In this context, the representationof the object

beingtracked is the convolution of the objectfeatureswith a spatiallyweighted

kernel,whichenablesef�cient gradientbasedoptimizationmethods,suchasmean

shift [8] or closed-formmethod[17], to searchfor the bestmatchto the target

modelbasedon the collectedvisual measurements(or observations). Thus,one

of themostappealingmeritsof kernel-basedtrackersis their low computational

cost,comparedwith othercommonlyemployedtrackingschemes,suchasparticle

�lters [22] or exhaustive templatematching.

12



Sincethe kernel-basedtracking methodsare gradient-baseddifferential ap-

proaches,their performancesarelargely affectedby thequality of thesearching

directionscalculatedfrom the measurements(i.e., the discrepancy betweenthe

candidatesandthetargetmodel).However, in practice,singularitiesareoftenob-

served in computingthegradient, which maygreatlyimpair the trackingperfor-

mance.In this work, we addressthetwo majorsingularities,proposealgorithms

associatedwith provedtheories,which canhelpto achieve a muchmorereliable

trackingperformance.

Onekindof singularityis aboutthekernelobservability. Thatis, thesearching

directionis indifferentto themeasurements,i.e, themeasurementsbecomemore

or lessinvariantto somemotionparameters,suchthatthesemotionparametersare

notuniquelyrecoverableor observable,indicatingade�cient kernelobservability.

Regardingthis singularcase,threecritical issuesof boththeoreticalandpractical

importanceneedto beinvestigated:

² Is therea criterion or a test that detectssuchsingularitiesandchecksthe

observability of themotion?

² Is thereaprincipledwayof kerneldesignto preventor alleviatesuchsingu-

larities?
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² Canwecopewith suchsingularitiesin morecomplex motions(e.g.,articu-

lation)while still achieving computationalef�ciency?

Therehave beensomeinitial studiesrelatedto thesequestions.For example,

in [7], to dealwith theproblemthatmostkernels,beingscale-invariant,cannotre-

cover thescalechangesof thetarget,amethodwasproposedto combinemultiple

kernelsof differentresolutions.An outstandinginitial investigation on multiple

kernelswaspresentedin [17], whereanunconstrainedlinear leastsquareformu-

lationwasgivenandthemotionsingularitycanberevealedby therankde�ciency

whenapproachingits solution,basedonwhichamultiplekernelmethodwaspro-

posedto possiblyreducetherisk of rankde�ciency.

Theseinitial investigationson multiple kernelsaremeaningful,but they are

inadequate.For example,althoughseveral suggestionshave beenmadein [17]

on designingmultiple kernels,it is desirableto have a morerigoroustheoretical

guaranteeon motion recoverability anda moreprincipledandgeneralizableap-

proachto kerneldesign.In addition,complex motions(e.g.,motionsof articulated

bodies)posea greatchallengeto mostexisting kernel-basedtrackingalgorithms

whicharelargelycon�ned by singletargetandsimplemotions,andthis is a topic

remainedlargely unexploredamongthe literaturesof kernel-basedmethods.Al-
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thoughmany top-downalgorithmshavebeenexploredfor complex motion[4, 33],

they arein generalcomputationallydemanding.Thus,it will bevery meaningful

if thebottom-upkernel-basedsolutionscanbefound.

Inspiredby [17, 33],wepresentanovelmultiplecollaborativekernelapproach

to visual tracking. This approachtreatskernel-basedtrackingin a moregeneral

formulation, i.e., a relaxationand constraintsformulation, in which a complex

motion canbe representedby a setof inter-correlatedsimplermotions. In this

new formulation, the stateequationdescribesthe constraintsamongthesesim-

pler motions,and the measurementequationcharacterizesthe independentvi-

sualmeasurementprocessesof thesesimplermotions.With this formulation,our

work presenta rigoroustheoreticalanalysison the singularity issue,i.e., kernel

observability, andpresentstheobservability criterion. Basedon this,we propose

themultiple collaborative kernelmethodthathasthetheoreticalguaranteeof en-

hancedobservability. This new methodhasbeenshown to be computationally

ef�cient in boththeoryandpractice.

The proposeddesignof “multiple collaborative kernels”closely follows the

theoreticalconcernson “kernel-observability”, i.e., singularity in motion detec-

tion, and substantiallybroadensthe applicability of kernel basedmethodsfor

trackingof multiple targetswith complex motions,suchasthe articulatedbody
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motions.

Besidesthesingularcaseof kernelobservability, anotherkind of majorsingu-

larity is aboutthe tracking stability. All therepresentative kernel-basedtracking

methods[7, 9, 13, 17] assumethat uniqueandstablemotion estimationcanbe

obtainedasin thewell-conditionedcases.In otherwords,a smallperturbationof

theplacementof thekerneldoesnot changemuchthemotionestimation.Unfor-

tunately, evidencefrom thepracticechallengesthis assumption.For example,in

meanshift tracking,it is oftenobservedthatdifferentinitializationsof thetracker

(i.e., delineatethe region to track andplacethe kernelaccordingly)may largely

in�uence the performance.If we put the samekernelat oneplace,the tracker

maywork well; but whenchoosinga slightly differentplace,thetracker mayfail

unexpectedly, e.g., even a small perturbationcan changethe estimatedmotion

signi�cantly, thusbringingunstablenessinto thetracking.This raisesanotherin-

terestingandcritical question:is therean optimal placementfor the kernelsto

achieve reliable tracking? Speci�cally:

² How canweevaluatethesensitivity of aplacement?

² Doesthereexist a computationallyef�cient way to �nd theoptimalkernel

placement?
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² How canweplacemultiplekernelsif a trainingsequenceis available?

² Doesthereexist ascale-invariantkernelplacement?

In this work, we alsopresentour studyin searchof theanswersto theabove

intriguing questionsin orderto achieve morereliabletrackingresults.Our study

startswith a conjecturethat subregionsof the target may play differentrolesin

tracking,sincesomesubregionsof the target may be morereliablefor tracking

while othersmay not. We provide a detailedanalysisin orderto identify those

regions,andderive a closed-formcriterionfor evaluatingthesensitivity of kernel

placement.To make theoptimalkernelplacementfeasible,we derive a gradient-

basedalgorithmto ef�ciently searchfor anoptimalplacement,which greatlyre-

ducesthecomputationalcostcomparedwith a bruteforceway of examiningall

the possibleplacementon the imageexhaustively. We also proposea method

to discover temporal-stablekernelsfor multiple kernelplacement,andstudythe

issueof scale-invariantkernelplacement.

Advancingthestateof theart, thecontributionsof thiswork include:

(1) thetheoreticalresultsthatunify thestudyof themotionobservability issue

in mostkernel-basedmethodsincludingsingleandmultiplekernels;

(2) a principled way of designingobservable kernels,i.e.. the multiple col-
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laborative kernels,that can be easily generalizedto complex objectsand

motions;

(3) anef�cient computationalparadigmto copewith complex objectsandmo-

tionsdueto the“collaboration”amongasetof inter-correlatedkernels,each

of whichonly takeschargeof recoveringasimplermotion;

(4) aclosed-formcriterionfor choosingtheoptimalkernelplacement,onwhich

amuchmorereliabletrackingperformancecanbeachieved;

(5) a gradient-basedsearchingalgorithm to �nd such optimal kernel place-

ments,which greatly reducesthe computationalcost comparedwith the

commonlyusedexhaustivesearching.

Theremainderof thethesisis organizedasfollows. Chapter2 introducesthe

relatedwork and the two major singularitiesin kernel-basedtracking. Chapter

3 presentsour detailedanalysison multiple collaborative kerneltracking,which

dealswith thesingularcaseof kernelobservability. Chapter4 presentsour study

on the issueof optimal kernelplacement,which dealswith the singularcaseof

trackingstability. Conclusionsaremadein chapter5.
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Chapter 2

RelatedWork

2.1 Kernel-basedTracking

2.1.1 Mean shift analysis

Meanshift analysisis mainly usedfor exploring the maximalor minimal prop-

ertiesin densityestimation.Givena setf x i g; i = 1; : : : ; n of n pointsin thed-

dimensionalspaceR d, themultivariatekerneldensityestimatewith kernelK (x)

andwindow radius(band-width)h, computedin thepoint x is givenby

f̂ (x) =
1

nhd

nX

i =1

K
µ

x ¡ x i

h

¶
(2.1.1)
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where,K (x) canbethemultivariateEpanechnikov kernel

K E (x) =

8
>><

>>:

1
2c¡ 1

d (d + 2)(1 ¡ kxk2) if kxk · 1

0 otherwise
(2.1.2)

andcd is thevolumeof theunit d-dimensionalsphere.Anothercommonlyused

kernelis themultivariatenormal

K N (x) = (2¼)¡ d=2 exp
µ

¡
1
2

kxk2

¶
(2.1.3)

Denotethepro�le of a kernelK asa functionk suchthatK (x) = k(kxk2).

For example,theEpanechnikov pro�le is

kE (x) =

8
>><

>>:

1
2c¡ 1

d (d + 2)(1 ¡ x) if x · 1

0 otherwise
(2.1.4)

andthenormalpro�le is givenby

kN (x) = (2¼)¡ d=2 exp
µ

¡
1
2

x
¶

(2.1.5)

So,thedensityestimatecanbewrittenas

f̂ K (x) =
1

nhd

nX

i =1

k
µ

k
x ¡ x i

h
k2

¶
(2.1.6)

By denotingg(x) = ¡ k0(x), thederivativeof f̂ K (x) is computedasfollows,

20



r̂ f K (x) ´ r f̂ K (x) = 2
nh d+2

P n
i=1 (x ¡ x i )k0

¡
kx ¡ x i

h k2
¢

= 2
nh d+2

P n
i=1 (x i ¡ x)g

¡
kx ¡ x i

h k2
¢

= 2
nh d+2

£P n
i=1 g

¡
kx ¡ x i

h k2
¢¤

· P n
i =1 x i g(k x ¡ x i

h k2)
P n

i =1 g(k x ¡ x i
h k2)

¡ x
¸

(2.1.7)

Note that the derivative of the Epanechnikov pro�le is the uniform pro�le,

while thederivativeof thenormalpro�le remainsanormal.

Thelastbracket in Eq.(2.1.7)containsthesamplemeanshift vector

M h;K (x) ´

P n
i=1 x i g

¡
kx ¡ x i

h k2
¢

P n
i=1 g

¡
kx ¡ x i

h k2
¢ ¡ x (2.1.8)

Themeanshift procedure is de�ned recursively by computingthemeanshift

vectorM h;K (x) andtranslatingthecenterof kernelby M h;K (x).

Let y j ; j = 1; 2; ::: represnetthesequenceof successivelocationsof kernelK ,

where

y j +1 =

P n
i=1 x i g

¡
ky j ¡ x i

h k2
¢

P n
i=1 g

¡
ky j ¡ x i

h k2
¢ (2.1.9)

is the weightedmeanat y j computedwith kernelK andy1 is the centerof the

initial kernel. The correspondingdensitycomputedwith kernelK in the points

Eq.(2.1.9)are
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f̂ K =
n

f̂ K (j )
o

j =1 ;2;:::
´

n
f̂ K (y j )

o

j =1 ;2;:::
(2.1.10)

A theoremis provedin [9], whichstatesthat

Theorem1 If the kernel K hasa convex and monotonicdecreasingpro�le , the

sequencesEq.(2.1.9)and(2.1.10)areconvergent.

According to Eq.(2.1.7),the y j +1 in Eq.(2.1.9)is actually the point, which

yieldszero in thederivative of densityestimatedat point y j . Therefore,theden-

sity estimatedat y j +1 is a local optimumin theneighborhoodof y j . Theconver-

gency of thepoint sequenceof Eq.(2.1.9)andthedensityestimationsequenceof

Eq.(2.1.10)actuallytells that the local extremity of densitycanbe foundby the

meanshift iteration.

2.1.2 Mean shift tracking

Theabovemeanshift analysiscanbeusedfor ef�cient objecttracking[9]. In this

subsection,thenotationsmostlyfollow thatin [9].

Assumef x i gi= 1:::n be the pixel locationsof the target. For eachpixel xi ,

a binning function b(x i ) mapsa prede�ned feature,e.g., the color, of xi onto

a histogrambin u, with u 2 f 1: : : mg. Let K be a spatiallyweightedkernel.
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Then,a histogramrepresentationof thetargetq= [q1; q2; : : : ; qm ]T 2 Rm canbe

computedas,

qu =
1
C

nX

i =1

K (x i ¡ c)±(b(x i ); u); (2.1.11)

where±is theKroneckerdeltafunction,c is thekernelcenterandC is thenormal-

izationfactor. Usinga decayingkernelK actuallymeansthatthepixelscentered

at thecenterof thekernelcontributemoreto thecolorhistogram,while peripheral

pixelsaretheleastreliable.

Given an initial startat locationc0, the coreproblemin trackingis to �nd a

bestdisplacement¢ c suchthatthemeasurementp(c0 + ¢ c) at thenew location

bestmatchesthetargetq, i.e.,

¢ c¤ = argmin
¢ c

O(q; p(c0 + ¢ c)); (2.1.12)

whereO(¢; ¢) is the objective function for matching. For example,it canbe the

Bhattacharyyacoef�cient [9]:

OB (¢ c)
4
= ¡h

p
q;

p
p(c0 + ¢ c)i = ¡

p
qT

p
p(c0 + ¢ c):

Denotec = c0 + ¢ c, wecanapproximate
p

qT
p

p(c) by usingTaylorseries

23



expansion,

p
qT

p
p(c) ¼

1
2

mX

u=1

p
pu(c0)qu +

1
2

mX

u=1

pu(c)
r

qu

pu(c0)
(2.1.13)

Then,introducingEq.(2.1.11)in Eq.(2.1.13)weobtain

p
qT

p
p(c) ¼

1
2

mX

u=1

p
pu(c0)qu +

1
2C

nX

u=1

wi k
µ

k
c ¡ x i

h
k2

¶
(2.1.14)

where

wi =
mX

u=1

±(b(x i ); u)
r

qu

pu(c0)
(2.1.15)

In Eq.(2.1.14),sincethe �rst term is independentof c, andthe secondterm

representsthedensityestimatecomputedwith kernelpro�le k at c, with thedata

beingweightedby wi . Therefore,themaximizationof this density,theminimiza-

tion of the objective function OB (¢ c), canbe ef�ciently achieved basedon the

meanshift iteration, i.e., given the currentcenterof kernel c0, the direction to

searchfor maximumis alongthemeanshift vector,

P n
i=1 x i g

¡
kc0 ¡ x i

h k2
¢

P n
i=1 g

¡
kc0 ¡ x i

h k2
¢ ¡ c0

sincethisdirectionis just thegradientof thecurrentdensityestimate.
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2.1.3 Closed-form tracking

A moreconcisematrix form of theobjecthistogram,Eq.(2.1.11),canbewritten

as[17]:

q(c) = U T K (c); (2.1.16)

where

U =

2

6
6
6
6
6
6
4

±(b(x1); u1) : : : ±(b(x1); um )

...
...

...

±(b(xn); u1) : : : ±(b(xn ); um )

3

7
7
7
7
7
7
5

2 Rn£ m ;

and

K =
1
C

2

6
6
6
6
6
6
4

K (x1 ¡ c)

...

K (xn ¡ c)

3

7
7
7
7
7
7
5

2 Rn :

Thisexpressionfacilitatesaclosed-formmethodfor objecttracking.

In general,for the targetmodel,thekernelis centeredat 0, andwe denoteit

by q = U T K . By thesametoken,we canrepresentthehistogramobservedat a

givencandidateregioncenteredat c as:

p(c) = U T K (c): (2.1.17)

TheMatusitametric,which is equivalentto theBhattacharyyacoef�cient, is

usedin [17] astheobjective function,which is:
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OM (¢ c)
4
= k

p
q ¡

p
p(c + ¢ c)k2: (2.1.18)

LinearizingEq.(2.1.18),weobtain

M ¢ c =
p

q ¡
p

p(c);

where
p

q;
p

p(c) 2 Rm , ¢ c 2 Rr , M 2 Rm£ r ,

M = 1
2diag (p(c)) ¡ 1

2 U T JK (c);

JK (c) =

2

6
6
6
6
6
6
6
6
6
6
4

r cK (x1 ¡ c)

r cK (x2 ¡ c)

...

r cK (xn ¡ c)

3

7
7
7
7
7
7
7
7
7
7
5

;

(2.1.19)

anddiag (p) representsthematrix with p on its diagonal,r is thedimensionality

of themotionparameters.

Thus,thesolution¢ c, whichminimizesthedifferencebetween
p

q ¡
p

p(c),

canbecomputedin closed-formby solvingtheabove linearequationas

¢ c = (M T M )¡ 1M T (
p

q ¡
p

p(c)):
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2.2 Singularities in Kernel-basedTracking

Sincethekernel-basedtrackingmethodsareessentiallygradient-baseddifferential

approaches,theirperformancesaregreatlyin�uencedby thequalityof thesearch-

ing directionscalculatedbasedon the local measurements.In practice,greatde-

teriorationscanbeobservedduringtracking,becausethereexist singularcasesin

computingthegradient.

Onekind of singularityis aboutthe kernel observability. That is, we some-

timesareplaguedin thesingularsituationwherethesameoptimalvalueof O(¢ c)

canbe achieved over a continuousrange,i.e., any candidateregion inducedby

themovementin this rangematchesthe targetequallywell. In otherwords,the

motionparameterscannot beuniquelydetermined,or cannot befully observed

throughthekernel.Thiskind of singularityis dueto theinadequatekerneldesign,

whichimpairsthekernel'sobservability to theunderlyingobjectmotions.Wewill

furtherinvestigateinto this issueandpresentoursolutionin Chapter3.

Anotherkind of singularityis aboutthe tracking stability. Whenwe put the

kernelinto someplaces,it is possiblethateven a small perturbationcanchange

the estimatedmotion signi�cantly, thusbringing unstablenessinto the tracking.

To addressthis issue,wepresentourstudyin Chapter4, whereadetailedanalysis
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is givento identify thegoodregionsto track,aclosed-formcriterionis derivedfor

evaluatingthesensitivity of kernelplacementandfor choosingtheoptimalkernel

placement.To make the optimal kernelplacementfeasible,we also proposea

gradient-basedalgorithmto ef�ciently searchfor suchaplacement,whichgreatly

reducesthecomputationalcostcomparedwith theexhaustivesearch.

2.2.1 Kernel-observability and impr ovementon kernel design

Kernelsareconsideredasmeasuringtools to obtainobservationsof the feature

space,whichcanguideoptimizationalgorithms,oftengradientbasedapproaches,

to solve a certainproblem.Here,thedesignof thekernelplaysa key role. Inade-

quatekerneldesignwill impair thekernel'sobservability to theunderlyingparam-

etersneededto beestimated,which will misleadtheoptimizationprocedure,and

resultsin very poorperformance.Therecentawarenessof the inadequatekernel

designcallsfor moreappropriateschemesto constructkernels.

Onetypeof theinadequatekerneldesignis abouttheresolutionof thekernel's

sensitivity. Whenexploringthecolorspacefor imagesegmentation[8], in orderto

makethekernelsbeingableto acquireamorepreciseandpertinentmeasurement,

kernelshaving variousbandwidths[10, 29] or shapes[31] havebeenproposed.
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Anothertypeof theinadequatekerneldesignis aboutthelack of themeasur-

ing tools, i.e., kernelsassociatedwith a certainpropertyin the featurespaceare

missing. In thekernel-basedtrackingproblem[9], traditionalkernelscannotre-

act to the scalechangesof the target. A setof kernelsin the scalespaceis thus

constructedin [7] to accountfor this limitation.

An interestinginadequatekerneldesignencounteredrecentlyin the kernel-

basedtrackingproblemposesnew challengesto theissueof kernel-observability:

whetheror nottheunderlyingobjectmotionscanbeuniquelydeterminedfrom the

kernelobservation?This is alsothemaintopicof ourstudyin Chapter3. Pointed

out in the initial work by Hageret.al. [17], the measurementobtainedfrom the

kernelswith somede�ciency is insensitive to certainobjectmotionsandthuswill

inducesingularitiesin the “unique recovery” of thosemotionparameters.More

intuitively, somekernels,by construction,areblind to somecertainobjectmo-

tions,which will leadto trackingfailures.Multiple kernelsarethenusedin [17]

to increasethemeasurementspace,which is supposedto accommodatethosepre-

viouslyunobservablemotions.

In this thesis,we give anin-depthandmorerigorousinvestigationinto theis-

sueof “kernel-observability”. A criterionis derivedfrom a moregeneraldescrip-

tion of the trackingproblems,which not only supervisesthe “unique recovery”

29



of theobjectmotion,but alsobringsout a collaborativekernel tracking scheme.

This schemeoffers substantialadvantagesover the previous single independent

kernelmethod.

2.2.2 Tracking stability and optimal kernel placement

Besidesthe issueof kernel-observability, anothercritical issuein trackingis the

stability. Signi�cant changesin kernelpositionscausedby small perturbations

from observation is anundesirablephenomenaof unstablenessin tracking. Dif-

ferentkernelplacementshavedifferentstabilitiesin tracking.Wewill presentour

studyon analyzingthestability, or in otherwords,sensitivity, in choosingkernel

placementandproposethe criterion to selectregions,which areoptimal by the

constructionof thekernel-basedtracker.

To the bestour knowledge,the questionthat “what is the optimal region to

placea kernelfor tracking?” hasremainedlargely unexploredamongthe litera-

tures.In [5][24][25][28], theproblemof selectinggoodfeature point for tracking

hasbeenstudiedbasedon eigenvalueanalysis.Somework alsoextendsthepoint

matchingframework to addressothergeometricalfeaturessuchaslines[20][32].

But, therepresentationsof goodfeaturepoints/linesarelargelydifferentfrom that
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of goodregionsfor tracking,sois theanalyticalresult.

Ourwork onexploringoptimalkernelplacementis new. Besides,wealsopro-

posea methodto discover temporal-stablekernelsfor multiple kernelplacement,

andstudytheissueof scale-invariantkernelplacement.
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Chapter 3

Multiple CollaborativeKernel

Tracking

3.1 Kernel-observability Analysis

The issueof “kernel-observability” mentionedin thepreviouschaptercanbere-

latedto the “system-observability” of a moregeneralsystemin Eq.(3.1.1)for a

betterde�nition andexplanation.Weomit thenoisetermsfor clarity, sinceit does

notaffect theanalysis. 8
>><

>>:

­( x) = 0

y = M (x);
(3.1.1)
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where­( x) representsthe inherentpropertyof the statevariablex, suchasthe

complexity, self-containedconstraintor thesystemdynamics,andM denotesthe

observationor measurementprocess.In thissystem,thestatevariablex is hidden

andcanonly beestimatedthroughthemeasurementy. In the trackingscenario,

thestatevariablerefersto themotion to beestimated.Herewe do not limit our

discussionsonly to the2D displacements,but generalizeit to r dimensionalmo-

tion vector, i.e., x 2 Rr . A critical issueis whetheror not x canbe uniquely

determinedfrom y, i.e., theobservabilityof thissystem.

In thecontext of kerneltracking,we treat

x
4
= ¢ c:

Our analysisis basedon the linearizationof thesystemat a given initial startc,

sincethelocalpropertyof c is themostlyconcernedin thetrackingproblem.The

collectedimageevidencefor c + ¢ c is thedifferencebetweenthetargetandthe

candidate,i.e.,
p

q ¡
p

p(c + ¢ c). Linearizingit w.r.t. ¢ c, wehave

p
q ¡

p
p(c) = M ¢ c;
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where
p

q;
p

p(c) 2 Rm , ¢ c 2 Rr , M 2 Rm£ r ,

M = 1
2diag (p(c)) ¡ 1

2 U T JK (c);

JK (c) =

2

6
6
6
6
6
6
6
6
6
6
4

r cK (x1 ¡ c)

r cK (x2 ¡ c)

...

r cK (xn ¡ c)

3

7
7
7
7
7
7
7
7
7
7
5

;

anddiag (p) representsthematrixwith p onits diagonal.Thisresultwasactually

obtainedin [17]. In view of this, we treatthemeasurementy
4
=

p
q ¡

p
p(c),

andthusthelinearizedmeasurementequationcanbewrittenas:

y = M ¢ c = Mx : (3.1.2)

Whenthe motionconstraintsholdsat c + ¢ c, i.e., ­( c + ¢ c) = 0, we can

alwayslinearizeit as

­( c) + ­ 0(c)¢ c = 0:

Thus,whenwe de�ne l
4
= ¡ ­( c), andG

4
= ­ 0(c), we have a linearizedsystem

stateequation, or thestateconstraint equation:

l = ­ 0(c)¢ c = Gx ; (3.1.3)

wherex 2 Rr andG 2 Rs£ r , s is thenumberof linearconstraints.We have the

following theoremthatstipulatesthekernelobservability,
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Theorem2 Kernel-Observability

Thesystemdescribedby Eq.(3.1.2)andEq.(3.1.3)is observable, i.e., uniquere-

coveryof x is guaranteed,iff

rank(M T M + ° GT G) = r; 8° > 0 (3.1.4)

i.e., (M T M + ° GT G) is of full rank.

Proof:

Given the systemstateequationEq.(3.1.3)and the measurementequation

Eq.(3.1.2),we form an objective function that penalizesthe measurementmis-

matchandthedeviation from thesystemconstraints:

L(x)
4
= kMx ¡ yk2 + ° kGx ¡ lk2;

where° > 0. Settingthederivative to zero,wehave:

x¤ = (M T M + ° GT G)¡ 1(M T y + ° GT l ):

This is equivalentto theleastsquaresolutionto thefollowing system:
2

6
6
4

M

p
° G

3

7
7
5 x =

2

6
6
4

y

p
° l

3

7
7
5 :
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Thusthesolutionis uniqueiff therankof M T M + ° GT G is full, or

2

6
6
4

M

p
° G

3

7
7
5 has

full columnrank.

Basedonthistheorem,wedemonstratethreeexamplesontheuniquerecovery

of x, i.e., ¢ c, from the above system,and motivate our proposedapproachof

multiplecollaborativekernelsin Section3.2.

3.1.1 Example1: a singlekernel

As a specialcase,if we do not considerthesystemstateequation,which means

thecontribution of G vanishes,i.e., G = 0, theobservability of a singlekernel,

basedon theTheorem2, is givenby checkingrank(M T M ), or rank(M )1.

This conclusioncoincideswith theSSD-basedanalysisin [17], wherea least

squareproblemis formulated:

min
¢ c

k
p

q ¡
p

p(c) ¡
1
2

d(p(c)) ¡ 1
2 U T JK (c)¢ ck2:

Hageret.al. [17] pointedout therankde�ciency of M = 1
2d(p)¡ 1

2 U T JK (c) will

notallow auniquesolutionto ¢ c.

In orderto recover¢ c in thissystem,beforetakingeffort to makeM full rank,

1For matrixH, rank (H T H ) = rank (H )
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it shouldbenotedthatd(p)¡ 1
2 andU would not be rankde�cient aslong asthe

numberof thenon-zerovaluesin thehistogramis no lessthanthenumberof the

parametersto beestimated,whichis solelydeterminedby theimageandthetarget

property.

Thus,thepoint thattheobservability gain canfoundits placeis to changethe

kernelrelatedJK (c), i.e.,to changethewaysof extractingtherepresentativeinfor-

mationfrom theobjects,which motivatesthemethodsof usingmultiple kernels.

Two exampleswill begivenin Sec3.1.2andSec.3.1.3,andourproposedmethod

in Sec.3.2.

3.1.2 Example2: kernel concatenation

We canconcatenatemultiple kernelsto increasethe dimensionalityof the mea-

surement(i.e., the histogram). Supposetherearew kernels,eachof thempro-

ducesahistogrammeasurefor theobject,p i (c) = U T K i (c), wherei = 1; : : : ; w.

By verticallystackingthesehistogramsinto p andq, it is easyto show thatbased
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on theTheorem2, theobservability is givenby checkingrank(M T M ), where

M =
1
2

d(p)¡ 1
2

2

6
6
6
6
6
6
4

U T

...

U T

3

7
7
7
7
7
7
5

2

6
6
6
6
6
6
4

JK 1

...

JK w

3

7
7
7
7
7
7
5

; (3.1.5)

which may hopefully have full columnrank to enablea uniquesolutionto ¢ c.

Thismakessensesincemorefeatureshavebeenused.Thisis actuallythemultiple

kernel methodsuggestedin [17]. In fact, the kernel concatenationimplies the

optimizationproblemas:

min
¢ c

wX

i =1

k
p

q ¡
p

p i (c + ¢ c)k2:

3.1.3 Example3: kernel combination

Besideskernelconcatenationin Sec.3.1.2that usesmorefeatures,anotherfea-

sible solutionis kernelcombinationto producenew featuresby aggregating the

histogramvectorsfrom multiplekernels(with normalization):

q =
wX

i =1

U T K i ; p =
wX

i =1

U T K i (c):

Thenthemeasurementequationis writtenas:

p
q ¡

p
p(c) = M ¢ c;
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where

M =
1
2

d(p)¡ 1
2 U T

wX

i =1

JK i : (3.1.6)

This may alsomake the matrix M T M full rank. In essence,as long asthe

measurementmatrix M canwell depictthecharacteristicsaroundc, we can�nd

aproper¢ c in theneighborhoodthatminimizes
p

q ¡
p

p(c + ¢ c).

Here,we give an illustrative example. For comparison,we employ thesame

roof kernelsasin [17], with lengthl, spans, centerc andnormalvectorn.

K r oof (x; c; n) =
4

(l ¤ s2)
max(

s
2

¡ k(x ¡ c) ¢nk; 0):

Intuitively, this is a truncatedtriangularkernelwith preferredorientationn.

We implementa singleroof kernel,a concatenationof two roof kernelswith or-

thogonalorientationsasEq.(3.1.5)andacombinationof thesametwo roof kernels

asEq.(3.1.6)to track a chalk box asshown in Fig. 3.1.1. The surfacesof value

1¡ k
p

q ¡
p

pk2 w.r.t ¢ c generatedby thesethreemethodsin oneof thetracking

iterationsareplottedin Fig. 3.1.2.

It is now clearthatbecauseof therankde�ciency, a singlekernelcannotper-

ceive thechangesof ¢ c in somespeci�c directions.While concatenatedor com-

binedkernelscanwell approximatethe neighborhoodvaluesandensureto �nd

the ¢ c minimizing the error k
p

q ¡
p

pk, (in Figure3.1.2, that is maximizing
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(a)Singlekernel

(b) Kernelconcatenation

(c) Kernelcombination

Figure3.1.1:A comparisonof singlekernel(toprow), kernelconcatenation(mid-

dle row), andkernelcombination(bottomrow).

1 ¡ k
p

q ¡
p

pk2). Concatenatedkernelsandcombinedkernelshaveshown sim-

ilarly betterperformance.

However, althoughthesetwo multiplekernelmethodsmayoutperformthesin-

gle kernelmethod,neitherof themprovidesa principledway of designingmulti-

plekernels.
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(a) (b) (c)

Figure3.1.2: The surfacesof 1 ¡ k
p

q ¡
p

pk2 of (a) singlekernel,(b) kernel

concatenation,and(c) kernelcombination.

3.2 Multiple CollaborativeKernels

As shown by theexamplesin Sec.3.1,it is clearthatweexpectbetterperformance

thansinglekernelmethodsby usingmultiplekernelsin themeasurementprocess,

Eq.(3.1.2).Basedon the kernelobservability Theorem,we noticethat mostex-

isting multiple kernelmethods[7, 17], includingkernelconcatenationandkernel

combination,do not utilize thestateconstraints,Eq.(3.1.3),which shouldalsobe

usedto copewith the rank de�ciency. The neglect of the stateconstraintswill

largely limit the applicability of thesemethods,especiallyfor complex objects

andmotions. This is alsoonereasonthat holds the kernelmethodsback from

trackingmultiple targets,sincesimply assigningindependentkernelson multiple

targetsis unlikely to solve theproblem.

A new scheme,multiplecollaborativekernels, is proposedin this sectionby
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exploiting thestateequation­( x) = 0. We show thatthis is alsoanef�cient way

to improve the “observability” of the trackingsystem(Sec.3.2.1), by utilizing

appropriatesystemdescription(Sec.3.2.2).Ouranalysisalsorevealsthe“collab-

oration”of multiplekernelsthatmakespossibleef�cient computation(Sec.3.2.3).

3.2.1 Enhancing the observability

To startwith, anobviousandcommonlyencounteredprototypeof ­( x) = 0 for

multiple targetswouldbethestructural constraint. Takinga rigid rodasasimple

example,seeFig. 3.2.1,wenow show theimproved“kernel-observability”.

Figure3.2.1:Thelengthconstraintona rod.

Consideringtheslim shapeof therod, it is dif�cult to trackit with onesimple

symmetrickernel. Alternatively, we can relax its motion by representingit as

the joint motion of the two ends,while enforcingthe length constrainton this

relaxed(higher-dimensional)motion. Two simplesymmetrickernelstake charge

of thetwo endsrespectively. Thebene�t of doingthis,besidesrecoveringtherod
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position,is theestimationof therodorientation.

By exploring the structuralconstraint,say, the rod is of �x ed lengthL, we

have2,

kc1 ¡ c2k2 = L2; (3.2.1)

where,c1 andc2 aretheresultingcentersof thekernelsplacedat theends.Then

the objective function, which jointly considersboth of the two kernels,will be

formulatedas:

O(c1; c2) =
2X

i =1

k
p

qi ¡
p

p i (ci )k2 + ° kL 2 ¡ kc1 ¡ c2k2k2;

whereq1, p1(c1) arethetargetmodelandthemeasuredcandidateassociatedwith

one of the ends,similarly with q2 and p2(c2). This formulation compromises

the feature similarities and the structural constraint, with ° being the tradeoff.

By linearizing it at (c1; c2), we have a linear system(with stateequationand

2This simpleconstraintis for illustrative purpose. More complex constraintwill be readily

incorporated.
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measurementequation):
8
>>>>>>>>>><

>>>>>>>>>>:

l = G

2

6
6
4

¢ c1

¢ c2

3

7
7
5

y = M

2

6
6
4

¢ c1

¢ c2

3

7
7
5

; (3.2.2)

where

q =

2

6
6
4

q1

q2

3

7
7
5 ; p =

2

6
6
4

p(c1)

p(c2)

3

7
7
5 ; y =

2

6
6
4

p
q1 ¡

p
p1(c1)

p
q2 ¡

p
p2(c2)

3

7
7
5 ;

M =

2

6
6
4

M 1 0

0 M 2

3

7
7
5 ;

M i = 1
2diag (p(ci )) ¡ 1

2 U T
i JK (ci ); i = 1; 2

G = 2
·

(c1 ¡ c2)T (c2 ¡ c1)T

¸
;

l = L 2 ¡ kc1 ¡ c2k2:

Basedon the kernelobservability Theoremin Sec.3.1, the observability of this

formulationis given by checkingrank(M T M + ° GT G). This is equivalentto

thecolumnrankof

2

6
6
4

M

p
° G

3

7
7
5, whichwill beno lessthanthatof M .

Then,we cangeneralizetheabove ideaby consideringmultiple kernelswith

a certainstructuralconstraint­( c1; c2; : : : ; cw) = 0. Theobjective functionwill
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thushave theform,

O(c1; c2; : : : ; cw) =
wP

i =1
k
p

qi ¡
p

p i (ci )k2

+ ° k­( c1; c2; : : : ; cw)k2:

(3.2.3)

After the linearizationw.r.t. ¢ c1; ¢ c2; : : : ; ¢ cw , we have thefollowing gen-

eralsystemstateequationandmeasurementequation:
8
>><

>>:

l = G¢ c

y = M ¢ c
; (3.2.4)

where

¢ c =

2

6
6
6
6
6
6
6
6
6
6
4

¢ c1

¢ c2

: : :

¢ cw

3

7
7
7
7
7
7
7
7
7
7
5

; y =

2

6
6
6
6
6
6
6
6
6
6
4

p
q1 ¡

p
p(c1)

p
q2 ¡

p
p(c2)

: : :

p
qw ¡

p
p(cw)

3

7
7
7
7
7
7
7
7
7
7
5

;

M =

2

6
6
6
6
6
6
6
6
6
6
4

M 1 0 0 0

0 M 2 0 0

0 0
... 0

0 0 0 M w

3

7
7
7
7
7
7
7
7
7
7
5

;

G =
·

@­
@c1

@­
@c2

¢¢¢ @­
@cw

¸
;

l = ¡ ­( c1; c2; : : : ; cw):

(3.2.5)
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Similarly, the uniquemotion canbe estimated,provided that

2

6
6
4

M

p
° G

3

7
7
5 hasfull

columnrank.

Now, it is worth pointingout thatwithout theintroducedconstraint­( ¢), i.e.,

G = 0, thesolutionwill bereducedto

y = M ¢ c; (3.2.6)

which is equivalentto solvingthew kerneltrackingproblemsindependently, re-

quiringM to have full columnrank,i.e.,everykernelneedsto beobservable.

The advantageof the collaborative kernelsis that it doesnot requireall the

kernelsto befully observable.Evenif someof thekernelsgetbad,e.g.,distracted

by theclutters,theotherkernelsmaystill beableto “pull” theill-behavedkernels

backto thetrackaccordingto theinherentconstraintembeddedin Eq.(3.2.4).As

long as(M T M + ° GT G) is of full rank, our methodcantoleratethoseunob-

servablekernels. In theory, sucha goodpropertyis guaranteedby the fact that

rank(

2

6
6
4

M

p
° G

3

7
7
5) ¸ rank(M ).
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3.2.2 The systemdescription

The systemdescriptioncan have variousforms in different applications. Two

prototypesof thesystemdescriptionof multiple kernelplacementswould bethe

globalsubspacedescriptionandthelocal component-wisedescription.

In the exampleof trackinga rod in Sec.3.2.1,the �x ed-lengthmodel is ac-

tually a component-wisedescription. It is rigid in its form becauseit is really

dif�cult to learna comprehensive modelof a moving rod. Assumingoneend,e1,

of therod is �x edin theimage,theimagecoordinatesof theotherend,e2, canbe

any point in thecircle, with e1 beingthecenterandL beingtheradii. However,

given short inter-frame interval, the lengthbetweenthe two endswill not vary

much. So, the component-wisedescriptioncanhelp multiple kernelssearchfor

theoptimaldisplacementsof instantaneousmotions.

A moregeneralform of themultiple kernelplacementswould bea subspace

model.Thesubspacemodelarewidely employedin computervision[11, 21] and

graphics[27] for representingthedatapatterns,which is especiallyusefulwhen

a lower dimensionalcompactrepresentationis neededfor a higherdimensional

data.Thesubspacemodelis learnable.In [3], thesequenceof joint angletrajecto-

riesof humangaitsaremodelledinto a lower dimensionaldatastreamgenerated
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by an “ARMA” model,which is essentiallytheprojectionresultsontoa learned

lower dimensionalsubspace.In [11], a subspacemodelis learnedasthe Active

AppearanceModel for interestpointson theface.

In this section,we give theformulationof thesystemequationusingthesub-

spacemodel.Givena setof trainingdataor learnedprior knowledgeof multiple

interestpointson anobject,wherewe wish to placekernelsfor tracking,theco-

ordinatesof thesemultiple kernelsin all the frames,c 2 R 2w canbecompactly

modelledby a lower d-dimensionalsubspaceSd ½ R 2w . Obviously, the dif-

ferencebetweenthe coordinates,which is the kerneldisplacementwe seekfor,

residesin thesamesubspaceaswell, ¢ c 2 Sd.

It is not our intentionto convince thereaderthat thesubspacerepresentation

offers an optimal modelling for structuredobject tracking, we just to illustrate

thatthesubspacemodelis valid in somecommondatasetsandthusofferingmore

�e xibility in designingandimplementingmultiple collaborative kernelsfor such

tracking tasks(suchas a part-basedtracker with kernelsplacedon eachpart),

whichcannotbehandledby single,independentkernels.

We assumethat the multiple kernelsare placedon the interestpoints with

coordinatesp1; p2; : : : ; pw . For subspacemodelling,a commontreatmentis to

eliminatethe translationby subtractingthe meanvectorfrom thosecoordinates,
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for j = 1; : : : ; w

p j = p j ¡ pmean ;

wherepmean =
P w

j =1 p j

w .

In thefollowing, thescript,f (f = 1; 2; : : :), will representtheframenumber,

e.g. c
f

denotesc at framef , []f representsthevectorcollectedat framef . After

obtaininga set of concatenatedvectorsof kernel coordinatescollectedfrom a

seriesof frames,

c
f

= [p1; p2; : : : ; pw ]Tf = [p1 ¡ pmean ; p2 ¡ pmean ; : : : ; pw ¡ pmean ]Tf 2 R 2w ;

(3.2.7)

we canapplyPCA to c
f
; f = 1; 2; : : : to obtaina lower d-dimensionalsubspace

representation,Sd. For example,the subspaceof the in-planerigid motion will

be of dimension2. An af�ne motion model will yield an even higher motion

subspace.Then,the concatenatedkerneldisplacementin eachframe,¢ c
f
; f =

1; 2; : : :, residesin the samesubspaceaswell, ¢ c
f

2 Sd. RecallEq.(3.2.7),it
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shouldbeclearthat

¢ c
f

= [¢ c1; ¢ c2; : : : ; ¢ cw ]Tf = ¢ cf ¡ ¢ cf
mean ;

¢ cf = [¢ c1; c2; : : : ; cw ]Tf

¢ cf
mean = [¢ cmean ; ¢ cmean ; : : : ; ¢ cmean ]Tf

where¢ cmean =
P w

j =1 ¢ cj

w . The notation¢ c, which hasthe meanvectorsub-

tracted,is usedhereto differentiatewith ¢ c, thevectorwithoutmeansubtraction,

in Sec.3.2.1.

This bringsa practicalconstrainton ¢ c
f

whenwe solve for the kerneldis-

placementsin eachframe f . The imposedsubspaceconstraint,or the system

equation, is formulatedasfollows,(weomit framenumberf for brevity.)

(I ¡ VV T )(¢ c ¡ ¢ cmean ) = 0; (3.2.8)

whereV = [v1; v2; : : : ; vd] is thelearnedorthonormalbasisof themodelsubspace

Sd by usingPCA on the setof vectors¢ c
f

with f = 1; 2; : : : beingthe frame

number. Thedimensiond isdeterminedbycheckingthesteepestdropin thesorted

eigenvalues. ThusVV T is the projectionmatrix to the subspaceSd, and(I ¡

VV T ) representstheresidualafter theprojection.Eq.(3.2.8)actuallyrepresents

thatthevector¢ c ¡ ¢ cmean residein thesubspacespannedby V .
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CombingEq.(3.2.8)with Eq.(3.2.6),wehave
8
>><

>>:

0 = (I ¡ VV T )(¢ c ¡ ¢ cmean )

y = M ¢ c
: (3.2.9)

It canalsobeshown thattheconstraintwill improvethekernel-observability, since

thesolutionto Eq.(3.2.9)is

¢ c = (M T M + ° (I ¡ VV T )T (I ¡ VV T )) ¡ 1(M T y+ ° (I ¡ VV T )T (I ¡ VV T )¢ cmean ):

(3.2.10)

It is seenthat I). therankof matrix M T M + ° (I ¡ VV T )T (I ¡ VV T ) is no

lessthanthatof M, thustheoverall “kernel-observability” is improved;II). theso-

lution Eq.(3.2.10)notonly looksfor thelocationto minimizethecolorhistogram

difference,but alsoshows the consenton the subspacedescription. The effec-

tivenessof subspacemodellingandtheencouragingtrackingperformancewill be

demonstratedin theexperimentsection.

Theglobalsubspacemodelandthelocal component-wisemodelarejust two

prototypesof thesystemdescription,­( x) = 0, theaboveparadigmof designfor

multiplecollaborativekernelscanbereadilyextendedtoothersystemdescriptions

with differentphysical meaningsaswell, suchasthe morecomplicatedmotion

dynamicsor thelearnedmotionpriors.
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3.2.3 The collaboration

Thesolutionto thelinearsystemin our formulationEq.(3.2.4for multiplecollab-

orativekerneltrackingis givenby:

¢ c = (M T M + ° GT G)¡ 1(M T y + ° GT l ): (3.2.11)

Speci�cally, for thecomponent-wisedescriptionin Sec.3.2.1,

G =
·

@­
@c1

@­
@c2

¢¢¢ @­
@cw

¸
;

l = ¡ ­( c1; c2; : : : ; cw):

(3.2.12)

For thesubspacedescriptionin Sec.3.2.2,

G = I ¡ VV T

l = (I ¡ VV T )¢ cmean

(3.2.13)

Dueto therelaxationof thesystemstates,thedimensionof thematrix(M T M +

° GT G) canbe quite large (the sumof motion parametersof all individual ker-

nels).Thus,it is computationallydemandingto calculateits inverse.Considering

thespecialstructureof M , we obtaina muchmoreef�cient method,which pre-

ciselyrevealsthecollaborationamongmultiplekernels.
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By applyingmatrix inversionlemma3, wecanobtain,

¢ c = (I ¡ D )(M T M )¡ 1(M T y + ° GT l ); (3.2.14)

whereD = ° (M T M )¡ 1GT (° G(M T M )¡ 1GT + I )¡ 1G

Providing thatM T M is non-singular, thisequationmeansthatwecansavethe

computationalcoston (M T M + ° GT G)¡ 1 by computing(° G(M T M )¡ 1GT +

I )¡ 1 and(MT M)¡ 1 instead.Generally, thedimensionalityof (° G(M T M )¡ 1GT +

I ), whichequalsthenumberof constraint,is smallerthantheparametersto bees-

timated,i.e., thedimensionalityof (M T M + ° GT G). Moreover, thecalculation

of (MT M)¡ 1 is notdif�cult sinceit hasablock-diagonalstructureform (recalling

thestructureof M in Eq.(3.2.5)).All of thesecountto a potentialdecreasein the

computationalcost.

Noticing thatthesolutionto theunconstrainedproblem(i.e., independentker-

nels)is givenby:

¢ cu = (M T M )¡ 1M T y = M yy; (3.2.15)

whereM y is the pseudo-inverseof M . This unconstrainedsolutioncanbe cal-

culatedeasilywith linear costw.r.t. the numberof kernels,sinceM is a block

3(A + BD )¡ 1 = A ¡ 1 ¡ A ¡ 1B (DA ¡ 1B + I )¡ 1DA ¡ 1, whereA is a n by n matrix,B is a

n by m matrixandD is am by n matrix
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diagonalmatrix. Any singlekerneltrackingmethodcanbeappliedhere.

Usingtheunconstrainedsolution¢ cu, wecanrewrite thesolutionto thecon-

strainedproblem,Eq.(3.2.14),as:

¢ c = (I ¡ D )¢ cu + z(c); (3.2.16)

wherez(c) = ° (I ¡ D )(M T M )¡ 1GT l . The mechanismof the collaboration

amongmultiple kernelsis pronounced:eachindividual single-kerneltracker fol-

lows its designatedtarget (a smallpartof theentiretargetof interest)by its own

means,andexchanges“corrections” to othersingle-kernel tracker. Sucha col-

laborationendsup with anequilibriumwheretheentiretarget is trackedandthe

structuralconstraintsamongmultiplekernelsaresatis�ed.

Thecollaborationactuallysuggestsaveryef�cient recursivemethodof calcu-

latingtheconstrainedsolution.Wecanalternatetwo stepsuntil convergence:�rst

relax theconstraintsto solve theunconstrainedoneby Eq.(3.2.15),andthenad-

just theunconstrainedestimatesaccordingto Eq.(3.2.16),with lesscomputational

cost.

¢ ck+1 Ã ¡ (I ¡ D k)[M (¢ ck)]yy k + zk ; (3.2.17)

which is verysimilar to the�x edpoint iterationandconvergesvery fast.

This collaborative solutionis usefulto multiple target tracking. Becausewe
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avoid estimatingthe motion statesfrom the joint parameterspace. Instead,we

solve thedividedproblemsin thereducedsolutionspace,thenapplyingregular-

izedtermsto meetthecertainconstraint.

3.3 Experiments

In this section,we reportour experimentsof theproposedmultiple collaborative

kernelmethodto trackstructuredobjectsandarticulatedobjects,andthecompar-

isonto multiple independentkerneltracker.

3.3.1 Tracking structur edobject

Objectwith certainspatialstructureis a commonplacein many tracking tasks.

But someof them,suchasahandsetor a rod-shapedbottle,cannotbeeasilyhan-

dledby thetracker with a singlesymmetrickernel.SeeFig. 3.3.1andFig. 3.3.2.

Our experimentsvalidatethe proposedmethodof multiple collaborative kernels

thatcantrackthesetargetssuccessfullyandto estimatethetargetorientationasa

byproduct.

Fig. 3.3.1shows 4 sampleframesfrom a sequenceof a rotatinghandset.The

histogramin theRGBspaceis takenasthefeature.We�rst applytwo independent
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(a)usingmultiple independentkernels.

(b) usingmultiplecollaborativekernels.

Figure3.3.1:Trackingahandset.

normalkernelsat bothendsof thehandset,coloredasredandblue,respectively.

Theresultis shown in Fig. 3.3.1(a).We shouldnoticethat themotionalongthe

handsetis not fully observablefor both kernels,andthe appearancesof the two

endsof the handsetare identical. The two kernelsdrift along the handsetand

eventuallylosethetrack.

With the samekernelsbut collaboratingthembasedon our method,we in-

troducea lengthconstraint,kc1 ¡ c2k2 = L2, with L givenby the initialization.

The result is shown in Fig. 3.3.1(b). As predicted,the collaborationof the two

kernelsleadsto asuccessfultrackingresult.Thisexperimentshowsaquitemean-

ingful propertyof thecollaborative kernelapproach:althoughnot all thekernels

arefully observable,thecollaborationcanstill make theensembleobservable.In
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all experiments,weset° in Eq.(3.2.3)to be1.

(a)usingmultiple independentkernels.

(b) usingmultiplecollaborativekernels.

Figure3.3.2:Trackinga rod-shapedbottle.

Fig. 3.3.2shows anotherexperimenton a rod-shapedbottle. We �rst place

two independentnormal kernelsat the ends. The histogramof H-value of the

HSV spaceis usedas the object feature. Sampleframesof the resultof using

independentkernelsare shown in Fig. 3.3.2(a). Notice that the motion of the

lower-end,indicatedby thekernelin blue,is not fully observable,sincetheimage

regionsin thelower partof thebottlearesimilar. Thusthebluekernelis vulner-

ableto distractionwhenthe two kernelsfunction independently. In contrast,the

collaborationof the two kernelscontributesto a morereliabletrackingresult,as

shown in Fig. 3.3.2(b).

The proposedcollaborative schemealso provides anotherbene�t. When a
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(a)usingmultiple independentkernels.

(b) usingmultiplecollaborativekernels.

Figure3.3.3:Trackinga �nger.

certaintargetis our focus-of-attentionbut unfortunatelycannotbestablytracked,

wecanreferto anothereasilytrackedobjectasanauxiliary to gainabetterresult.

In Fig. 3.3.3,we aim to trackthe�ngertip in a clutter. By placinga kernelon the

easilytrackedwrist, we constrainthetwo kernelswith a �x ed length. Theresult

of usingour methodis shown in Fig. 3.3.3(b). In fact,Therolesof theobjectof

attentionandtheauxiliary areinterchangeablethroughouttheprocessin orderto

amelioratethepotentialtrackingfailureof eitherone. Two independentkernels,

asshown in Fig. 3.3.3(a),of courseareunableto recover from trackingfailurein

theclutter.
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3.3.2 Tracking articulated objects

Another useful applicationof multiple collaborative kernel tracking is to track

articulatedtargets,suchashumanbodyarticulation.To thebestof ourknowledge,

this is the�rst work extendingkernelmethodsinto this task.

Fig. 3.3.4shows sampleframesof an experiment,in which a personmoves

his two arms.We apply two pairsof collaborative kernelson theelbows andthe

hands. The tracking result of our approachis shown in Fig. 3.3.4(b). On the

contrary, themethodbasedon four independentkernelsleadsto a muchinferior

performance,asshown in Fig. 3.3.4(a).

(a)usingfour independentkernels.

(b) usingtwo pairsof collaborativekernels.

Figure3.3.4:Trackingthearticulatedbodywith two arms.

Another experimenton an articulatedstructureconsistingof an arm and a

bottle in handis shown in Fig. 3.3.5. We apply threekernelsto the elbow, the

handandoneendof thebottle,respectively. Comparedwith theresultyieldedby
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independentkernels(in Fig. 3.3.5(a)),two pairsof collaborative kernels(elbow

& hand,hand& bottletip) provide a muchmorerobustperformanceasshown in

Fig. 3.3.5(b).

(a)usingthreeindependentkernels.

(b) usingtwo pairsof collaborativekernels.

Figure3.3.5:Trackinganarticulatedstructure.

The structuralconstraintusedhereserves as a basicmeansfacilitating the

implementationof multiplecollaborativekernelsonmorecomplex trackingtasks.

3.3.3 Using the subspacemodel

In this section,we demonstratethe advantagesprovided by using the subspace

constraintmodel.

First, we needto learnthesubspacemodelfrom the trainingdata.Fig. 3.3.6

shows thesampleimage,in whichastaticbox is beingviewedby amoving cam-

era. We manually labelledthreeinterestpoints denotedby red “x” througha
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sequenceof 50 frames.A subspacemodelis thenobtainedby applyingPCA on

theconcatenatedvectorsof kernelpositionsc = c¡ cmean (with meanvectorsub-

tracted).Thedimensionof thesubspaceis determinedby examiningthesharpest

dropin thesortedeigenvalues.

Figure3.3.6:Labelledinterestpointsfor subspacemodellearning.

Then, the solutionEq.(3.2.16)is usedto guidethe collaborative kernelsfor

tracking.This formulamakescleara two-stepapproach.Oneis anunconstrained

kernelshifting: ¢ cu, andthenext is aconstrainedsubspaceregularization.In ex-

periment,weimplementthistwo-stepmethodfor computationalef�ciency, aswas

describedin Sec.3.2.3. If the resultingkerneldisplacementdeviatesa lot from

thesubspacemodel,amappingto thelearnedsubspaceis takenfor regularization

purpose.

For all of the sequences,we alsotestthe singleindependentkernelmethod.

Both methodsareappliedfor every otherframe. The comparisonresultfor this
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“box” sequenceis shown in Fig. 3.3.7. We canseethat in presenceof fastscene

changes,singlekernelsaremorevulnerableto distractionsandaremoreproneto

losethetrack. In contrast,theenforcedsubspaceconstraintis capableto stabilize

the kernelmovements,thushaving an overall betterability to avoid distractions

for eachkernel.

(a)usingthreeindependentkernels.

(b) usingthreecollaborativekernelsundersubspaceconstraint.

Figure3.3.7:Trackingthreepartsof interestonabox.

We have alsocomparedtheresultsof singleandcollaborative kernelsagainst

the groundtruth, which is obtainedby manuallylabelling. Fig. 3.3.8(a)shows

the error of kernelpositionsobtainedthrough150 frames. Fig. 3.3.8(b)shows

the error of histogrammatchingin the samesequence.The robustnessof the

collaborative kernelsis shown.

Fig. 3.3.9shows the resultof anothermoving box sequence.The subspace

model is learnedfrom a sequenceof 50 frames. It canbe seenthat the single

kernelsaresubjectto drifting alonga certaindirection. For instance,look at the
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(a)Errorsin kernelposition.Left: independentkernels.Right: collaborativekernels.

(b) Errorsin histogrammatching.Left: independentkernels.Right: collaborativekernels.

Figure 3.3.8: Error comparisonof single and collaborative kernelsagainst the

groundtruth.

orangestripeat the bottomof the box. The kernelscannotobserve the precise

movementalongthisstripebecauseall thelocationsin thisstripeyield thesimilar

histogramasthatof theoriginal target.For comparison,thesubspaceconstraintis

shown to beableto discriminateandregularizethe invalid kernelpositions,thus

morerobustresultis obtained.

Fig. 3.3.10shows the resultfor trackingtheheadandshouldersof a person.
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(a)usingfour independentkernels.

(b) usingfour collaborativekernelsundersubspaceconstraint.

Figure3.3.9:Trackingfour partsof interestonabox.

As shown in Fig. 3.3.10(a),the performanceof independentkernelsis not war-

rantedby neglectingthe spatialconstraintamongthem. Drift anddeviation are

observed. In contrast,sincethetrainingdatawecollectedfor subspacemodelling

admitsnoisemeasurementandvariations,to someextent, in the scale,the sub-

spacemodelcanhelp to toleratesomescalechangesof tracked object,e.g.,the

personwent down or camecloserto the camera,asshown in Fig. 3.3.10(b). A

morestableperformanceis obtained.

(a)usingthreeindependentkernels.

(b) usingthreecollaborativekernelsundersubspaceconstraint.

Figure3.3.10:Trackingtheheadandshoulders.
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A morechallengingtaskis shown in Fig. 3.3.11. We want to tracksomein-

terestregionsonamagazinecover, which is undergoingdeformation.A subspace

modelis learnedfrom 75 frames.Fig. 3.3.11(a)shows the trackingresultof six

independentkernels.Their ability of toleratingdistortionis poor. Severalkernels

easilydrift away. The collaborative kerneltracking,asshown in Fig. 3.3.11(b),

achievesmorerobustperformance.By framing in thesubspacemodel,bothhis-

togramsmatchingandsubspacemodelregularizingcontributeto stabilizetheker-

nel positionsagainst large distortions. The resultingkernelscanwell graspthis

structuredmagazinecover.

(a)usingsix independentkernels.

(b) usingsix collaborativekernelsundersubspaceconstraint.

Figure3.3.11:Trackingamagazinecoverwith deformation.

To summarize,by usingmultiplekernels,wecaneasetheburdenof represent-

ing andtrackingaholisticobject,possiblywith somedistortionsor deformations,

byusingasetof collaborativekernels.Thisisafeasibleapproach[1, 18],although

somemorechallengingproblems,suchasmodelupdating,areworthbeingfurther
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studied.

3.4 Remarks

In thischapter, acriterionis obtainedontheissueof “kernel-observability”, which

leadsto aprincipledwayof kerneldesignwith preventionof singularityin kernel

basedtrackingproblems.Basedon this, a multiple collaborative kerneltracking

schemeis proposed.Different from the mostexisting kernelbasedalgorithms,

which are con�ned by independentkernelsand single target, we show that by

exploiting theinherentrelationshipamongmultiplekernels,notonly the“kernel-

observability” is improved,but alsotheapplicabilityof thekernelbasedmethods

is naturallyextendedto copewith articulatedtargetsandcomplex motions.This

helpsto gainmoreinsightinto therole thatkernelplaysin thetrackingproblems.

However, the geometricconstraintusedin this chaperis rigid in its current

form. The subspaceconstraintoffers moremodellingpower andtolerance,but

still, lacksanupdatescheme,whichaloneis aninterestingresearchtopic in visual

tracking.Thefocusof our futurework will beexploringhow to incorporatericher

systemmodelsto accountfor morecomplicatedmotionsandhow to make the

kerneldesignadaptableto variousenvironmentalchanges.
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Chapter 4

Ef�cient Optimal Kernel Placement

for ReliableVisual Tracking

4.1 Optimal SingleKernel Placement

As mentionedin Sec.2.2.2,the ill-conditionedcaseof unstablenessin tracking

maynotablydeterioratethetrackingperformance.Differentkernelplacementcan

yield quitedifferentstablilitiesin tracking.In this section,we give moredetailed

analysisinto sucha caseand proposea criterion to selectoptimal locationsto

placekernels,which avoids the ill-conditioning to the largestextent. Theanaly-

sis is moreeasilyapproachableundertheformulationof closed-formtrackingin
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Sec.2.1.3.For brevity, notations,suchasthehistogramrepresentationandtheso-

lution of estimatedmotionfor tracking,arereferredto Sec.2.1.3.Theanalytical

resultfor optimalkernelplacementis equivalentlyapplicableto thatof meanshift

trackingin Sec.2.1.2.

4.1.1 Applying the condition theory

To analyzethe stableness,or say, the sensitivity, of the solution¢ c for kernel

placement,we �rst referto theconditiontheory.

To solvex from a linearequation,

Ax = b:

besidesrequiringA to beinvertible,it is alsoexpectedthatthesolutionis numer-

ically stable. The analysisof how sensitive the x is, given changesin b, canbe

achievedby examiningtheconditionnumberde�ned as,

· (A ) = kAkkA ¡ 1k:

For example,when2¡ norm is used,· 2(A ) = kA k2kA ¡ 1k2 = ¾1(A )=¾n (A ),

which is theratiobetweenthelargestandthesmallestsingularvalue.
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Forasinglekernel,weneedtocalculatethemotionparameter¢ c fromM ¢ c =

p
q ¡

p
p(c). Thesolutionis

¢ c = (M T M )¡ 1M T (
p

q ¡
p

p(c)):

So,(M T M )¡ 1M T shouldbeconsideredasawholeentity, which tellshow sensi-

tive the¢ c is, givensmallchangesin
p

q ¡
p

p(c).

Since(M T M )¡ 1M T is notasquarematrix,its “conditionnumber”is notwell

de�ned. However, consideringtheessenceof thisproblem,if we takeSVD of the

2 £ m matrix (M T M )¡ 1M T as(M T M )¡ 1M T = U § V T .

We would expectthatthe2 singularvaluesin § becomparableto eachother,

suchthat the (M T M )¡ 1M T is equallysensiblein both directionsof its two or-

thonormalsingularvectors.Otherwise,if thetwo singularvaluesareunbalanced,

a �uctuation in
p

q ¡
p

p(c) causedby noisewill changethesolution¢ c signif-

icantly alongthe singularvectorcorrespondingto the larger singularvalue,and

negligibly alongthesingularvectorcorrespondingto thesmallersingularvalue,

bringingin undesirablenumericalinstability, andsucha region is generallycon-

sideredto beabadplacementof thekernel.
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Noticethat

(M T M )¡ 1 = (M T M )¡ 1M T ((M T M )¡ 1M T )T = U § 2U T ;

andassume¾1 and¾2 aretwo singularvaluesof (M T M )¡ 1M T , it is easyto verify

that

· 2((M T M )¡ 1) = (¾1=¾2)2:

We alsohave · 2(M T M ) = · 2((M T M )¡ 1). In view of this, the sensitivity

evaluationof (M T M )¡ 1M T is just equivalent to inspectingthe conditionnum-

berof (M T M ), since· 2(M T M ) monotonicallyincreases/decreaseswhen¾1=¾2

increases/decreases.

So,thecriterion for a reliablekerneltrackingis: we needto put thekernelto

suchaplacethattheconditionnumberof M T M is minimized.

min
c

· 2(M T M ): (4.1.1)
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4.1.2 Inter pretation of the condition number criterion using

the 2-norm

Here,we give an intuitive interpretationof theconditionnumbercriterionusing

the 2-norm,which requiresto evaluatethe singularvaluesof M T M . Actually,

evaluatingthesingularvaluesof M doesn't affect theanalyticalresult.

In thefollowing,x i representsadatapointwith index i , while x j
i denotespoint

i of color j . For theproblemof n pointswithin thekernelrangeandm colorbins.

By recallingEq.(2.1.19),

M =
1
2

diag (p(c)) ¡ 1
2 U T JK (c):

The i th row of then £ 2 matrix JK is (x i ¡ c)g
¡
kx i ¡ c

h k2
¢
, with g(¢) = ¡ k0(¢)

andk0(¢) beingthepro�le of thekernelK. Then,by left multiplying them £ n

sifting matrixU T , theresultingm £ 2 matrix,denotedasD = U T JK (c), hasthe

meaningthatthej th row of D is thesumof x j
i ¡ c weightedby g

³
kx j

i ¡ c
h k2

´
for

all pixelsx i of color j , i = 1; : : : ; n; j = 1; : : : ; m.

As for M = 1
2diag (p(c)) ¡ 1

2 D , we canseethat eachrow of M is just the

normalizationof thecorrespondingrow in D by a factorof 2p(c)
1
2 , thusgiving a

particularconstrainton¢ c,
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·
1

2
p

p j

P

i
(x j

i ¡ c)g
µ °

°
°

x j
i ¡ c
h

°
°
°

2
¶¸

¢ c =
p

qj ¡
p

p j : (4.1.2)

Theintuition of theLHS of thisequation,i.e.,thej th row of M, is thatwesum

all thedisplacementvectorx j
i ¡ c of color j , whichareweightedby g

³
kx j

i ¡ c
h k2

´
,

andthenthesummationis scaledby 1
2
p

p j
. Denotethis resultas[dj

x dj
y], which

canbeeffectively consideredasthecenterof massof all pixelsof color j .

Sincea goodkernelplacementis featuredby a M with comparablesingular

values,this requiresthatall the rows of M, [dj
x dj

y]; j = 1: : : ; m well spanthe

2D space.Thecorrespondingsituationis thatall thecenterof massesof thecolor

componentsshouldbedistributedevenlyaroundthecenterc.

4.1.3 An equivalent condition number

In practice,2-normconditionnumberis not straightforward to compute.In this

section,we introduceanotherform of conditionnumber, beingequivalentto the

2-norm conditionnumberwhen the matrix is 2£ 2 symmetricpositive de�nite.

The new conditionnumberoffers a greateaseof computationandfacilitatesan

ef�cient searchingalgorithmfor optimalkernelplacement,aswill bederivedas

follows.

TheSchatten1-norm[2][19][26] is de�ned as,
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kA kS =
X

¾i ;

where¾1; : : : ; ¾n arethe singularvaluesof A. WhenA is a symmetricpositive

de�nite matrix,wecanhave,

kA kS =
P

¾i = trace(A );

Q
¾i = det(A ):

(4.1.3)

Givena2£ 2 symmetricpositivede�nite matrixA=f aij g, wecanthenhavea

closedformexpressionof S-normconditionnumberas,

· S(A ) = kA kSkA ¡ 1kS = trace(A )trace(A ¡ 1)

= trace(A ) trace(A )

det(A )
= (a11 + a22 )2

a11 a22 ¡ a12 a21
:

(4.1.4)

And equivalently,

· S(A ) =
(¾1 + ¾2)2

¾1¾2
: (4.1.5)

Accordingto [16], any two conditionnumbers· ®(A ) and· ¯ (A ) areequiva-

lent in thatconstantsc1 andc2 canbefoundfor which

c1· ®(A ) · · ¯ (A ) · c2· ®(A ):
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For example, 1
n · 2(A ) · · 1(A ) · n· 2(A ), for A2 R n£ n . Here,we canshow

that,

Proposition1 · 2(A ) · · S(A ) · n2· 2(A ), if matrix A is n £ n symmetric

positivede�nite.

Proof:

Denote¾1 ¸ ¾2 ¸ ¢¢¢¸ ¾n aren sortedsingularvaluesof A.

· S(A ) = kA kSkA ¡ 1kS

kA kS = trace(A ) =
nX

i =1

¾i ; kA ¡ 1kS = trace(A ¡ 1) =
nX

i =1

1
¾i

Since,
nX

i =1

¾i ¸ ¾1;
nX

i =1

1
¾i

¸
1
¾n

;

so,

· S(A ) ¸
¾1

¾n
= · 2(A )

Also,
nX

i =1

¾i · n¾1;
nX

i =1

1
¾i

·
n
¾n

;

wehave,

· S(A ) · n¾1 ¢
n
¾n

= n2· 2(A )
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Therefore,· 2(A ) · · S(A ) · n2· 2(A ).

Besidesthis interlacingproperty, which is existedfor all the conditionnum-

bers,wecanfurthershow that,

Proposition2 · S ismonotonicallyincreasing/decreaingwhen· 2 increases/decreases,

if thematrix is 2 £ 2 symmetricpositivede�nite.

Proof:

· S is monotonicwith · 2 aslongasthederivativeof · S w.r.t · 2 doesnotchange

sign.Weknow that· 2 ¸ 1 andaccordingto Eq.(4.1.5),

· S = (¾1+ ¾2 )2

¾1¾2
= ¾2

1 +2 ¾1¾2+ ¾2
2

¾1¾2

= ¾1
¾2

+ 2 + ¾2
¾1

= · 2 + 2 + 1
· 2

so,

d· S

d· 2
= 1 ¡

1
· 2

2
> 0 8· 2 ¸ 1

Therefore,sinceM T M is 2 £ 2 symmetricpositive de�nite, if we �nd thelo-

cal/globalminimumof its · S, we in fact �nd thelocal/globalminimumof its · 2.

This nicepropertyensuresthat thegoodkernelmeasuredby · S is just thegood
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kernelmeasuredby · 2. Becausecomputing· S only involveselement-wisecalcu-

lation, it is muchmoreconvenientandef�cient than· 2, which is non-analytical.

Sotheclaimis that,· S isanequivalentsubstitutefor · 2 in all thecases[5][24][25][28]

whenthe2-normconditionnumberof a2£ 2 covariancematrixneededto beeval-

uated.

To summarize,given

M =

2

6
6
6
6
6
6
4

d1
x d1

y

...
...

dm
x dm

y

3

7
7
7
7
7
7
5

;

where

[dj
x dj

y] =

"
1

2
p

p j

P

i;b(x i )= j
(x j

i ¡ c)g
µ °

°
°

x j
i ¡ c
h

°
°
°

2
¶ #

; (4.1.6)

is theweightedsumof thedisplacementvectorsof all pixelsof color j , or called

thecenterof massof color componentj .

Wecancomputein closed-form

· S(M T M ) = k(M T M )kSk(M T M )¡ 1kS

= (
P

(dj
x )2+

P
(dj

y )2 )2
P

(dj
x )2

P
(dj

y )2 ¡ (
P

(dj
x dj

y )) 2 :
(4.1.7)
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Theregion with a small · S(M T M ) is thegoodchoicefor kernelplacement,

on which the stability of tracking will be betterthan thoseregions with larger

conditionnumbers.Fig. 4.1.1shows somesynthesizedimagepatternsandtheir

· 2; · S. The�rst onehasthelowestconditionnumber, coincidingtheinterpretation

givenin Sec.4.1.2.Fig. 4.1.2shows the· 2, · S andtheir differencesevaluatedin

two imageregions.It is observedthatthey exhibit thesamepatternof ridgesand

valleys,andtheirdifferencesaresmallcomparedwith theirown magnitudes.

· 2 = 1:0, · 2 = 8:3, · 2 = 11:1, · 2 = 10301, · 2 = 1

· S = 4:0, · S = 10:4, · S = 13:2, · S = 10303, · S = 1

Figure4.1.1:Synthesizedimagepatternsandtheir · 2; · S.

4.1.4 Find optimal kernel placementef�ciently

In practice,only obtainingthe criterion for optimal kernelplacementis insuf�-

cient, sinceit is not attractive to exhaustively evaluatethis criterion all over the

image. In this section,we derive a gradientdescentalgorithm,which canef�-

ciently �nd goodplacementfor kernels.
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(a) (b) (c) (d)

Figure4.1.2:column(a): yellow: imageregion, red: kernel.column(b), (c), and

(d) are· 2, · S and· S ¡ · 2 evaluatedin theregionof column(a), respectively.

Noticethatin Eq.(4.1.6)andEq.(4.1.7),theconditionnumber· S only involves

dj
x anddj

y, whichareexplicitly presentedasafunctionof thekernelpositionc. So,

wecancomputethederivativeof · S(M T M ) w.r.t thekernelposition,c. Denote

· S(M T M ) =
A2

B
=

A2

DE ¡ F 2
;

where

A =
P

j k[dj
x dj

y]k2 =
P

j (d
j
x )2 +

P
j (d

j
y)2;

D =
P

j (d
j
x )2; E =

P
j (d

j
y)2; F =

P
j (d

j
xdj

y);

B =
P

j (d
j
x )2

P
j (d

j
y)2 ¡

³ P
j (d

j
xdj

y)
´ 2

= DE ¡ F 2:

Here,thegoalis to compute
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@A 2

B
@c = 2AB @A

@c ¡ A 2 @B
@c

B 2 = 2AB @A
@c ¡ A 2 (D @E

@c + E @D
@c ¡ 2F @F

@c )
B 2 :

So,weneed@A
@c , @D

@c , @E
@c , and@F

@c . In practice,wewill express@D
@c = [ @D

@cx

@D
@cy

],

@E
@c = [ @E

@cx

@E
@cy

], and @F
@c = [ @F

@cx

@F
@cy

]: Detailscanbederivedasfollows,

@A
@c =

P

j
2[dj

x dj
y]@[dj

x dj
y ]

@c ;

@D
@cx

=
P

j
2dj

x
@dj

x
@cx

; @D
@cy

=
P

j
2dj

x
@dj

x
@cy

;

@E
@cx

=
P

j
2dj

y
@dj

y

@cx
; @E

@cy
=

P

j
2dj

y
@dj

y

@cy
;

@F
@cx

=
P

j

h
@dj

x
@cx

dj
y + dj

x
@dj

y

@cx

i
; @F

@cy
=

P

j

h
@dj

x
@cy

dj
y + dj

x
@dj

y

@cy

i
:

where

@[dj
x dj

y ]
@c = 1

2
p

p j

·
P

i
(¡ 1)g

µ °
°
°

x j
i ¡ c
h

°
°
°

2
¶

+
P

i
(x j

i ¡ c)T @g
@c

¸
;

@dj
x

@cx
= 1

2
p

p j

·
P

i
(¡ 1)g

µ °
°
°

x j
i ¡ c
h

°
°
°

2
¶

+
P

i
(x j

ix ¡ cx ) @g
@cx

¸
;

@dj
x

@cy
= 1

2
p

p j

P

i
(x j

ix ¡ cx ) @g
@cy

;

@dj
y

@cx
= 1

2
p

p j

P

i
(x j

iy ¡ cy) @g
@cx

;

@dj
y

@cy
= 1

2
p

p j

·
P

i
(¡ 1)g

µ °
°
°

x j
i ¡ c
h

°
°
°

2
¶

+
P

i
(x j

iy ¡ cy) @g
@cy

¸
:

When g() is Gaussiankernel, i.e., g
µ °

°
°

x j
i ¡ c
h

°
°
°

2
¶

= exp
µ

¡
°
°
°

x j
i ¡ c
h

°
°
°

2
¶

, we

have
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@g
@c = exp

µ
¡

°
°
°

x j
i ¡ c
h

°
°
°

2
¶

2(x j
i ¡ c)
h2

@g
@cx

= exp
µ

¡
°
°
°

x j
i ¡ c
h

°
°
°

2
¶

2(x j
ix ¡ cx )
h2

@g
@cy

= exp
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¡
°
°
°

x j
i ¡ c
h

°
°
°

2
¶

2(x j
iy ¡ cy )

h2

When Epanechnikov kernel is used,i.e., g(c) = 1 and @g
@c = 0, the above

equationswill bereducedto muchsimplerformsasshown below.

A =
P

j
k[dj

x dj
y]k2 =

P

j

1
4p j

°
°
°
°
P

i
(x j

i ¡ c)

°
°
°
°

2
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P

j

1
4p j

·
P

i
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ix ¡ cx )
¸ 2

E =
P

j

1
4p j

·
P

i
(x j

iy ¡ cy)
¸ 2

F =
P

j

1
4p j

·
P

i
(x j

ix ¡ cx )
P

i
(x j

iy ¡ cy)
¸

@A
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P

j

2
4p j

·
P

i
(x j

i ¡ c)
¸ ·

P

i
(¡ 1)

¸

@D
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·
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¸ ·

P
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(¡ 1)

¸
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j
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·
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¸ ·

P

i
(¡ 1)
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@F
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=
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1
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·
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¸ ·
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i
(¡ 1)

¸
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=

P

j

1
4p j

·
P
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ix ¡ cx )
¸ ·

P

i
(¡ 1)

¸

Notice that all the above valuescan be obtainedby scanningthe pixels in the

kernelregiononly once, sothecalculationis easyandef�cient.
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Fig. 4.1.3shows someillustrative examples. In all 3 imagesin (a), we start

from the kernel with red rectangleand end up with the kernel with the green

one, led by the gradient-basedsearch. Fig. 4.1.3(b)shows the descending· S.

Fig. 4.1.3(c)shows theregionscoveredby thekernel,which is moving alongthe

directionof thegradienttowardsthegoodplacement.

4.2 Multiple Kernel Placement

As demonstratedin Chapter3, the kernelbasedtracking is no longercon�ned

to singlekernels. Multiple kernelshave several advantagesover singlekernel.

For example,multiple kernelscanalleviate the singularityandimprove the ker-

nel'sobservability to themotions[13][17]. Multiple kernelsarebetterathandling

trackingan objectwith complex structure,while a holistic representationbased

on a singlekernel is cumbersome.In sucha case,distributing the trackingtask

into several correlatedsub-taskswould beviable. Anotherbene�t is thesave of

thecomputationsinceeachsub-taskonly needsa relatively smallkernel.

We think good strategies to placemultiple kernelsare I) eachkernel hasa

reliabletrackingperformance,i.e.,atagoodlocation,andbasedonwhich,II) the

structureof the multiple kernelsshouldremainstablethroughthe sequenceand
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(a) (b) (c)

Figure4.1.3:column(a): theredrectangleindicatesthestartkernelposition,the

greenoneis theoptimizedkernelplacementfoundby thegradient-basedsearch-

ing algorithm.column(b): thecorrespondingdescendingvalueof the· S. column

(c): theregionscoveredby thekernel,which is moving alongthedirectionof the

gradienttowardsthegoodplacement.Theredline with aspotindicatesthecenter

of massof eachcolorcomponent.

besimple.

The�rst strategycanbeaddressedby theproposedmethod,thatis, thegradient-

basedsearchingalgorithmcan�nd thegoodplacementsneartheinitializedones.
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The secondstrategy statesthat thosemultiple kernelsareexpectedto maintain

aninvariantstructure,thusservingasanconsistentdescriptionof theobjectwith

good�delity but greatsimplicity.

If akernelis goodfor trackingat thebeginning,but is notsuitablefor tracking

dueto view or illuminationchangesafterwards,thiskernelis consideredunstable

andshouldbeprunedaway. It is alsorequiredthatthestablestructurebesimple,

althoughtheobjectcouldbecomplex. By thismeans,wecanadopttheschemeof

multiplecollaborativekerneltrackingin Chapter3 [13], whichhassuperiorkernel

observability thansinglekernel,to coordinatethoserepresentative kernelsfor an

overall reliabletrackingperformance

However, thereis no generalanswerto the questionthat what kind of struc-

tureof multiple kernelsshouldbechosen,andthis is in factanongoingresearch

topic in computervision [12]. For simplicity, we chosetriangle,which is easyto

manipulateandworkswell in many sequences.

For eachtriangle,we build a 2D histogram,recordingthe 2 internalangles

of that triangle. We obtain the statisticsof this 2D histogramover a training

sequence.The moststabletriangle,with all the internalanglesexhibiting little

variation,is expectedto yield a peakin this 2D histogram.So, for eachtriangle

formedby 3 kernels,we measuretheentropy of its associated2D histogram,and
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choosethe one,which hasthe minimum entropy, to be the moststabletriangle

kernelstructure.

Then,we usethis trianglemodelling for collaborative kernel tracking [13].

This optimal multiple kernelplacementand the mining for stablestructureare

fully automaticafter the initialization of a setof kernelsat the very beginning.

Theinitializationcanbedoneeithermanuallyor evenlyon theimagegrid.

4.3 Scale-invariant Kernel Placement

A placementis goodfor kernelif theconditionnumberevaluatedon that region

is small.Thisplacementis evenbetterif its associatedconditionnumberachieves

a localminimum,i.e., it is theonly onethatshouldbeselectedfrom its neighbor-

hood.However, it is obviousthattheconditionnumberchangeswhenthescaleof

thekernelchanges,therefore,thelocal minimapropertycouldalsovary w.r.t the

scale.

An interestingquestionis that if there existsa placementof a kernel,whose

conditionnumberis the local minimafor all, or for a large numberof different,

scales?andhow to �nd them?

Placingakernelatsuchaplaceis invariantto thescalechanges,meaningthat,
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it canyield reliabletrackingperformancewhenchangesoccurin thekernelscale,

or in theimagescale,or in thescalesof bothimageandkernel,sincescalechanges

in the imageandin the kernel is just a relative term. This is in fact a very nice

property.

In orderto �nd suchplacements,ratherthanbruteforceevaluatingthecondi-

tion numberthroughall thescalesandneighborhood,thesearchingalgorithmin

Sec4.1.4offersconsiderableef�ciency.

We canevenly initialize a setof kernelsampleswith differentscaleson the

grid. Then,let thesekernelsconvergeto their correspondinglocalminima.When

all the kernel samplesare converged, a distribution of the placesof converged

kernelsareobtained.Thesetof local maximaof sucha distribution indicatethe

setof scale-invariantkernelplacements.

In experiment,we generalizekernelswith 7 differentscales,eachscalewith

400 evenly initialized kernel samples.The places,to which a large amountof

kernelsamplesareconverged,areshown in the top rows of Fig. 4.3.1(a)-(h). It

canbeseenthatmostof theseplacesarefeaturedby aregionwith diversi�ed color

pixels' intensityandspatialdistributions.

85



(a) (b) (c) (d).

(e) (f) (g) (h).

Figure4.3.1: In each�gure (a)-(h). Top row: scale-invariantkernelplacement.

Larger circle meanshigherdensityof converged kernel samples.Bottom row:

goodkernelregionswith appropriatescaleselectionafterpruningtextureregions.

4.3.1 Scaleselection

With scale-invariantkernelpositionsin hand,we can further proceedonestep.

That is, to choosethe appropriate scaleof the kernelfor that region. Although

the scale-invariant region yields the local minimum of · S in mostof the scales
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within its neighborhood,different scalesstill have different · S, and of course,

thescaleassociatedwith a lower · S is morepreferred.In the following, denote

si ; i = 1; 2; ¢¢¢ thediscretizedscaleswith increasingorder.

Onecriterionis to choosethescalewith a low · S, thatis to maximize

Q(si ; c)
4
=

1
· ((M si ;c)T (M si ;c))

;

whereM si ;c is obtainedat c with scalesi .

Anothercriterionshouldalsobeconsidered,thatis to maximizethedifference

betweenthe histograms,q, obtainedat the currentscalesi andthe immediately

adjacentlargerscalesi +1 . This impliesthat theobjectof interest,kernelof scale

si , shoulddiffer from its adjacentbackground,the region of scalesi +1 , to some

largeextent.Denote

W(si ; c)
4
= d(qsi ;c; qsi +1 ;c)

By combiningtheabove two functions,theappropriatescaleat positionc is

determinedas

s¤ = argmax
si

(Q(si ; c) ¢W(si ; c))
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The attractive propertiesof this approachis that, Q(si ; c) ensuresthat the

tracking algorithm can be stableon sucha scale,while W(si ; c) tells the fact

that thereis suf�cient difference,or say, discriminance,betweenthe objectand

the background,thus preventing the trackingalgorithmbeingdistractedby the

background.

4.3.2 Pruning text regions

Here,anotherissueneededto be consideredis the texture region, which is the

major sourceof confusionin determiningthe regions' “goodness”by analyzing

eigenvalues,or in essence,singularvalues,becausetextureregion canalsoyield

comparative eigenvaluesbut is in generalnot theregion of interest.To dealwith

this problem,in [28], a thresholdis setto ensurethat the minimal eigenvalueis

large enough. Here,we canusethe S-normto achieve the equivalenteffect of

pruningaway textureregions,but with a muchmoreef�cient closed-formformu-

lation.

As suggestedin [26], k(M T M )¡ 1kS = 1
¾1

+ 1
¾2

= ¾1+ ¾2
¾1¾2

, and 1
¾2

· 1
¾1

+ 1
¾2

·

2
¾2

So,in orderto geta large¾2, weshouldselectthoseregionswhichcanyield a

small ¾1+ ¾2
¾1¾2

, andthiscanbecomputedexplicitly as
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¾1 + ¾2

¾1¾2
=

P
(dj

x )2 +
P

(dj
y)2

P
(dj

x )2
P

(dj
y)2 ¡ (

P
(dj

xdj
y))2

(4.3.1)

So, after we �nd thosescale-invariantkernel regions (Sec.4.3), choosethe

appropriatescale(Sec.4.3.1),wecanfurther�lter outtextureregions,whichyield

largevaluesof Eq.(4.3.1).

The result is shown in the bottomrows of Fig. 4.3.1(a)-(h). It canbe seen

that,in thetop rows, therearesomedetectedgoodregions,denotedasredpoints,

locatedat texture regions,suchasin the sky, or in the bushetc.,while they are

successfullyprunedawayasshown in thebottomrows.

Thepropertyof suchplacementfor featuredregionselection,patternrecogni-

tion will beourmainfuturework.

4.4 Discussions

4.4.1 Regionselectionvs. featurepoint selection

It maybenotedthattheform of M ¢ c =
p

q ¡
p

p(c) is similar to thatof feature

pointmatching[26][28], in thatthey areall in thegeneralform of solvinga linear

equation,i.e., Ax=b. Actually, the propertyof the matrix A hasbeenactively

studiedin the pastdecadesfor point matching,suchas computingthe optical
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�o w [5][24][25][28]. Somework alsoextendsthepoint matchingframework to

addressothergeometricalfeaturessuchaslines[20][32].

However, ourwork is differentfrom thosework in thefollowing aspects.

1) The content of matrix A, denotedasA r egion in our work, andA point in

[26][28].

A region = M =

2

6
6
6
6
6
6
4

d1
x d1

y

...
...

dm
x dm

y

3

7
7
7
7
7
7
5

; A p oin t =

2

6
6
6
6
6
6
4

g1
x g1

y

...
...

gn
x gn

y

3

7
7
7
7
7
7
5

:

where[dj
x dj

y] is the centerof massof all pixels of color j , for m color bins,

j = 1; :::;m, and[gi
x gi

y] beingthe imagegradientof pixel i w.r.t x andy axes,

for n pixelswithin asmallwindow aroundthefeaturepoint, i = 1; :::; n.

Thedifferentcontentdeterminesthattheiranalyticalresultsaredifferent.That

is, thereis nocertaincorrespondencesbetweenoptimalfeaturepointsandoptimal

regionsfor tracking.Wethink theseworkshavedifferentpracticalimpactsin real

applications.

2) The criterion and the analytical method In our work, the criterion is

· S(M T M ), which hastheequivalenteffect asanalyzing· 2(M T M ). In [28], the

criterion is that the smallesteigenvalue of A T A is larger than a threshold. In
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[26], k(A T A )¡ 1kS is checked, which hasbeenshown to have the sameeffect

as requiring the smallesteigenvalue of A T A to be larger than a threshold. In

contrast,our criterion takesinto accountof both singularvaluesof M, which is

moregeneral.

As for theanalyticalmethod,we have shown that· S is equivalentto · 2 when

consideringthe2£ 2 covariancematrix case,which leadsto someniceanalytical

properties.

3) Gradient descentsearch We provide a gradientbasedsearchingscheme

to �nd the optimal regionswithin an imageef�ciently , which avoids exhaustive

search.But theselectionof featurepointhasto beexhaustive.

4.4.2 Inter pretation of condition number criterion usingthe S-

norm

We alreadyknow the structureof M = [v x vy ], wherevx = [d1
x ; : : : ; dm

x ]T ,

vy = [d1
y; : : : ; dm

y ]T aretheX-coordinatesandY-coordinatesof thethecentersof

colormasses,respectively. Thenwehave

P
j (d

j
x )2 = kvx k2;

P
j (d

j
y)2 = kvy k2;

(
P

j (d
j
xdj

y))2 = kvT
x vy k2 = kvx k2kvy k2 cos2(µ):

whereµ is theanglebetweenvectorsv x andvy .
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RecallEq.(4.1.7),

· S(M T M ) = (kv x k2+ kv y k2 )2

kv x k2kv y k2 ¡k v x k2kv y k2 cos2 (µ)

=
kv x k4+ kv y k4

kv x k2 kv y k2 +2

1¡ cos2 (µ) ¸ 4
1¡ cos2 (µ) ¸ 4:

It is easyto verify thatthedesirableminimumof theabove conditionnumber

is achievedwhen

kvx k = kvy k; and cos(µ) = 0; i.e.,v x ? vy ;

which implies that the roles of X and Y coordinatesof thosecentersof color

massesareequivalentandinterchangeable.Theoptimalcasewould bethatthese

masscentersarelocatedsymmetricallyaroundthecenterof kernelc. This is ac-

tually thesameastheinterpretationwehavegivenin Sec.4.1.2,but from another

point of view. A perfectexampleis alreadyshown in the left mostcolumnof

Fig. 4.1.1.

4.5 Experiment

In thissection,experimentsusingrealvideosequencesdemonstratetheeffective-

nessandusefulnessof theproposedalgorithmfor ef�cient optimalkernelplace-

ment.
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4.5.1 Singlekernel

For anobjectof interest,arbitrarily labellinga region,which meetssomespecial

standards,suchasowning a high variance,strongedges,or a high entropy, and

assigninga kernelon it, maynot beoptimal. In many cases,unexpectedtracking

failuresmakepeoplechangethekernelplacementthroughtrial anderror.

Onthecontrary, placingkernelsby thecriterionpresentedin Sec.4.1.3andthe

ef�cient searchingalgorithmderived in Sec.4.1.4caneasilybring morereliable

trackingperformance.

Fig.4.5.1(b)showsthetrackingresultwith akernelinitializedasin Fig.4.5.1(a).

The tracking is not stable,sincethe unidirectionalcolor distribution in the ini-

tial placeyields a large conditionnumber. Using the sameinitialization as(a),

we apply the gradient-basedalgorithm and�nd a goodkernelplacement,with

muchlower conditionnumber, asshown in (c), thecorrespondingtrackingresult

is shown in (d). More reliableperformanceis obtained.

Fig. 4.5.2(a)showsanarbitrarily initializedkernelplacement,thecorrespond-

ing trackingresult is in Fig. 4.5.2(b),in which drifting is observed. In contrast,

thesearchingalgorithmmovestheplacefrom (a) to a goodplacementasin (c).

The trackingperformanceis instantly improved a lot, as shown in (d). Notice
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(a) (b)trackingresultof akernelplacedarbitrarily.

(c) (d) trackingresultof akernelwith initial locationoptimized.

Figure4.5.1:Trackingwith (bottomrow) andwithout (toprow) kernelplacement

optimization.

thatthelocationin Fig. 4.5.2(a)andFig. 4.5.2(c)is very close,andthis is indeed

dif�cult for manualinitialization,asheedlesslymarkinga region, to achievea ro-

bustperformance.This shows thatthesearchingalgorithmeffectively helpsusto

discriminategoodandbadregionsfor tracking.

4.5.2 Multiple collaborativekernels

Goodstrategiesto placemultiplekernelsarethatI) eachkernelis atagoodplace-

ment,II) thestructureof themultiplekernelsshouldbestable.

To tracka region of interest,we initialize a setof kernelson thegrid, andrun

the searchingalgorithmto �nd goodplacements.By this means,we canhave a
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(a) (b)trackingresultof akernelplacedarbitrarily.

(c) (d) trackingresultof akernelwith initial locationoptimized.

Figure4.5.2:Trackingwith (bottomrow) andwithout(toprow) kernelplacement

optimization.

largecoverageof thepossiblemultiple kernelcombinationsandsafelyavoid the

risk of having badmanuallylabelledregions.

Thenwe track thesekernelsover a training sequence,which canbe the �rst

several framesof the video. We choosethe most stabletriangle formed by 3

kernels.

In Fig. 4.5.3(a),multiple kernelsareevenly initialized on thegrid within the

region of interest. Without the gradientsearchingalgorithm,that is, we just ac-

ceptandstartfrom the initial kernellocations,mine for the moststabletriangle

and apply collaborative trackingscheme.The result is shown in Fig. 4.5.3(b).
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Fig. 4.5.3(c)shows the good kernel placementfound by applying the gradient

searchingalgorithmon thekernellocationsin (a), thecorrespondingtrackingre-

sult is shown in (d). In all the �gures, theboundingbox of theobjectof interest

is reconstructedby conferringthe initial localizationof thekernelsw.r.t. theob-

ject. How well canwe know the positionandorientationof the original object

measuresthequality of collaborative tracking. It is seenthat theperformanceof

kernels,whoselocationsareoptimized,is muchbetter. This is becausethe ker-

nels,without placementoptimization,aremore likely to have a large condition

numberandthushaving moreexposureto theunstablenessin thetracking.

(a) (b)multiplekernels,evenly initialized, trackingwith collaboration.

(c) (d) multiplekernels,locationoptimized,trackingwith collaboration.

Figure4.5.3: Multiple kerneltracking,with (bottomrow) andwithout (top row)

placementoptimization.

Thenext threesequencesinvolve objectscalechanges,in which theoptimal
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multiplecollaborativekerneltrackingworkswell.

Fig. 4.5.4(a)and Fig. 4.5.4(b)show the tracking result from the sameini-

tial kernel locations(left most column), after searchingfrom the evenly grid-

dedinitialization. Without collaborative schemeapplied,theunsatisfactoryresult

in Fig. 4.5.4(a)shows that, althoughall the kernelsare good at the beginning,

they still can lost due to variousdisturbancesin tracking, suchas, unexpected

abruptmotions,disturbancefrom theobjectwith similar appearanceor illumina-

tion changes.Sincethe kernelstrack independently, they cannotrecover them-

selves,suchthatthefaceis lost track.By collaboratingtheinitially goodkernels,

the result of localizing the faceby the 3 kernelsis more reliable, as shown in

Fig. 4.5.4(b).

(a)multiplekernels,locationoptimized,trackingwithoutcollaboration.

(b) multiplekernels,locationoptimized,trackingwith collaboration.

Figure4.5.4: Multiple kerneltracking,with (bottomrow) andwithout (top row)

collaboration.
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Fig. 4.5.5and Fig. 4.5.6have the similar settingsas in Fig. 4.5.4. The re-

sult with collaboration,row (b), again yields muchmorereliablereconstruction

performanceof estimatingtheposition,orientationandthescaleof themagazine

cover.

(a)multiplekernels,locationoptimized,trackingwithoutcollaboration.

(b) multiplekernels,locationoptimized,trackingwith collaboration.

Figure4.5.5: Multiple kerneltracking,with (bottomrow) andwithout (top row)

collaboration.

4.6 Remarks

To summarize,in this chapter, we presenta detailedanalysisto the criterion of

optimal kernelplacement.An equivalentcriterion is alsoderived, which hasa

closed-formrepresentationand enablesa nice gradient-basedalgorithm to �nd

optimalkernelplacementef�ciently . Placementof temporal-stablemultiple ker-
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(a)multiplekernels,locationoptimized,trackingwithoutcollaboration.

(b) multiplekernels,locationoptimized,trackingwith collaboration.

Figure4.5.6: Multiple kerneltracking,with (bottomrow) andwithout (top row)

collaboration.

nelsandscale-invariantkernelsarealsostudied.
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Chapter 5

Conclusions

Thepurposeof thiswork is to curethetwo majorandfrequentlyencounteredsin-

gularitiesin kernelbasedtracking,whichareconcernedwith kernelobservability

and trackingstability. The contributions include (1) the theoreticalresultsthat

unify the studyof the motion observability issuein mostkernel-basedmethods

includingsingleandmultiple kernels;(2) a principledway of designingobserv-

able kernels,i.e.. the multiple collaborative kernels,that can be easily gener-

alizedto complex objectsandmotions;(3) an ef�cient computationalparadigm

to copewith complex objectsandmotionsdue to the “collaboration” amonga

setof inter-correlatedkernels,eachof which only takescharge of recovering a

simplermotion;(4) aclosed-formcriterionfor choosingtheoptimalkernelplace-
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ment,onwhichamuchmorereliabletrackingperformancecanbeachieved;(5) a

gradient-basedsearchingalgorithmto �nd suchoptimalkernelplacements,which

greatly reducesthe computationalcost comparedwith the commonlyusedex-

haustive searching.Thesenew theoreticalresultsandnew algorithmshelpus to

betterunderstandandimplementthekernel-basedtrackingmethod.
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